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Rates of Solar Angles for Two-Axis Concentrators 
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Determination of the sun's position by the azimuth and elevation angles and its rate 
of change at any time of day are essential for designing 2-axis tracking mechanisms of 
solar a>m'earntr€>n A study of the sun 's angles and their rates is presented at four selected 
months of the year (March June, September and December) and for seven selected lath 
tudes (0. tJO. t6lK t90) cinering bifth the m^rthem and southern hemispheres 


I. Introduction 

Solar thermal'elcctric |>t)wer s> stems are being studied tor 
the l>ecp Space Network L^icrgy Conservation Pro|Cct to 
evaluate their technical and economical feasibility. The engi- 
neering design of high temperature, point-focusing two-axis 
tracking solar concentrators in an unattended mode of opera- 
tion requires, among the many design specifications, a knowl- 
edge of the sun angles and angle rates to be incorporated in 
the auti>inatic control loop parameters. To satisfy this need 
for different iKtwork facilities throughout the world, this 
study was initiated to determine the sun's pi>sition vector, rate 
ot movement m the sk> at any given location and at any tune 
of >car. Both northern and southern latitudes were investi- 
gated loi then |x>ssiblc ditfereuces at dit'fcient NCasi>ns. 

II. Solar Angles 

Because (lie earth's equatorial plane is tilted at an angle of 
2-v.^ degrees to the orbital plane as shown in Fig. I. the solar 
dectinalioii aiig*c S. which is the angle between the carlh-sun 
line and the equatorial plane, vanes t'uuughout the year. This 
variation causes the changing seasons with their unequal 
jienods ol da> light and dar'^ncss The geometric coiirigura- 
tioiis ot the j^sition vector of the sun a( anv time of day 
relative to the earth center and relative to a horuontal plane 
passing b\ \xnwl P on earth, are presented in Figs 2 and 3. 


From Fig. 2. the latitude angle of location in radians L is 
defined as the angle between the location position vector OP 
and the equatorial {^ane (north latitudes are taken positive). 
The solar-aziinuth angle in radians ^ as shown in Fig. 3 is 
defined as the angle between the true smith direction and the 
projection of the sun's position vector on the horizontal 
plane. The south direction is taken as the reference line for 
botii northern and southern latitudes. The sign convention for 
the angle 0 is that east of the south is taken positive, and 
west of the south is taken negative. The hour angle //, which is 
an indication of the local solar time, is changing with a rate of 
15 deg/hr (360 deg/24 hours). The sign for H is taken posi- 
tive in the morning, and tiegative in the afternoon, and zero at 
solar noon. The solar elevation, sometimes called the altitude 
angle 0. and the solar zenith angle z are also shovmn in Fig. 3 
as the angles the solar position vector makes with the horizon- 
tal plane and the vertical line, respectively. 

Since the declination angle 6 does not var> significantly 
from one day to the next within each month (Refs. 1 . 2), a 
unc-day representation of a given month was considered 
satisfactory. The variation of solar declination throughout the 
year from a maximum of about 23.5 deg on June 21 to a 
minimum of -2.3.5 deg on December 21. gave us a reason to 
Si'lect the t went \ -first day of each month to be the represen- 
tative da\ of the month. By treating the solar declination 
tabular data (in Ref. 2) as a periodic function with one corn- 
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plete qrde per year, the foUowing amlytic expiessioa was 
obtained by least squares curve Htting: 

d « (f/I80){0.2833 - 23.I88cos/>-0.I5cos2P 
-0.21 1 sinP+ 0.1 155 sin 2P) (1) 

where 

nMl6 ( 2 ) 

and Af is a month index (M = 1,2, ... , 12), 

The time of day, described by the hour angle H in radians, 
is also written as 

H = ir(12-r)/l2 (3) 

where T vi the hourly time index in hours (T - 1, 2, 3, ... , 
24). Note J2 means a soJar noon time. 

The direction cosines of a unit vector along the location 
position vector are found from the geometry of GSP in Fig. 2 
as: cos L cos //, - cos L sin and sin I, with the X, Y and 
Z axes, respectively. Note that the equatorial plane lies on the 
X - Y plane, and point P' is the projection of point P (repre- 
senting the location on earth) on the equatorial plane. The 
direction cosines of the sun*s radiation unit vector can be also 
obtained from Fig. 2 as: cos 5, 0 and sin 6 with the X, Y and 
Z axes, respectively- The scalar product of the above two 
unit vectors will determine the cosine of the zenith angle z 
(or the sine of the elevation angle 0): 

cos r - sin 0 = cos Z cos 6 cos //+ sin I sin 5 (4) 

On the other hand, a unit vector along the direction of true 
south (PS in Fig. 2) will have the direction cosines: sin Z cos //, 
-sin Z sin and - cos Z with the X. Y and Z axes, respec- 
tively. Accordingly, the angle (O, from Fig. 3, which is the 
angle between the sun's vector and the s^>uth direction is 
obtained by scalar product as 

cos u) = cos 0 cos ^ = cos 6 sin Z cos // - cos Z sin 6 
or 

cos 0 = (cos 5sinZcos//-CQsZsin 6)/cos (5) 

An additional relationship for the azimuth angle 0, can be 
obtained also by multiplying scalarly the true east vector and 
the sun's position vector as shown in Pig. 3. to yield 


atn0 ■ (Sa) 

At aolar aocm (i.e., // * 0), the azimuth angle 0 ts alw^ 
zero at aD bcatioms throughout the year. Also, the angle JS is 
always equal to (90 - Z 't* 6) <teg for both northern and south- 
ern latitudes (from £q. 4). Equations (4) or (5) are subject to 
one constraint: the argument of the right-hand ade should 
be within ±1. 

The hour angle limit Ji*, which determines the hour angle 
at either sunrise or sunset as measured from solar noon, is 
given by equating the elevation angle 0 to zero. Using Eq. (4), 
the angle i/* (which is half the solar day) is writtai as: 

* cos“*(-tanZtan5) (6) 

where the term (- tan Z tan 5) in Eq. (6) should not exceed 1 , 
and the minimum value should not be less than -1 . Hence, H* 
(in radians) can vary between zero and a. If ff * equals to 
zero, the location on earth will be in cmnplete darkness for the 
entire day. If H* equab to a, the solar day will be 24 hours 
and the location will receive continuous sunli^t for 24 hours. 
The above Hmiting conditions can only occur at higher lati- 
tude angles in the northern hemisphere (or lower an^es in 
the southern hemisphere) than 66.5 deg, which is a mar- 
ginal latitude given by Eq. (6) at 5 = 23.5 d^. For example, 
the city of Betties, Ala^a, USA (with 66.5 deg north latitude) 
has twenty-four hours of sunlight in June and receives no 
sunlight in December. This fact could be explained by »uatie 
Eq. (6) since the declination angle is -^23.5 deg on June 21 
and -23.5 deg on December 21 for all latitudes. 

The azimuth angle at sunrise or sunset 0* can be obtained, 
also, from combining Eqs. (5) and (6) at any latitude or 
declination angles where 0 is set equal to zero. 

cos 0* = - sin 6/cos Z (7) 

Special cases arise for Eqs. (4) through (6) First is the 
case during the equinox (March 21 and September 21) when 
the declination angle is zero for ail latitudes. The elevation and 
azimuth angles, for these two months, become: 


sin 0 = cos L cos H x 

cos 0 = sin Z cos ///cos ^ I 

> at 6 = 0 (8) 

sin0 = sin ///cos /J I 

//* = nl2 ' 
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The above indicates that the day length (fxmn sunrise to sun* Simihily, tte azimuth angle rate ^(in deg/secXatgimi6 and 
set) is always 12 hours during the equinox. JL, can be expressed as 


Second is the case of a location at the equator. The solar 
angl^ at differ^t declination and hour an^es are reduced to: 


sin/) s cosScos^ 
00 $ 0 = -sin5/cosd 
H* = f/2 


atZ, *0 


(9) 


« » ^ = 0.00417 
at 


i sin^^cosLsindcos^5-cnstf cos^gcost j 
cos^ /) cos 0 j 

where and |0i must not eq^ to 90 d^ 


(13) 


Eq. (9) shows that the day length at the equator Is always 
12 hours. 

Third s the case at the north pole {L = ^^90 deg). The solar 
angles at different declination and hour angles are reduced 
to: 


II 

if 

6 > 0 

^ = H 

if 

5^0 


if 

5 > 0 

No sun 

if 

6 < 0 


The fmirth ^>ecial 
where the :»olar angles become: 

0 = -6 

0 = (n-H) 

//♦ = IT 

No sim 


^ al i = + 90 deg (10) 


case is at the south pole {L = -90 deg) 



atl = -90deg (11) 


Equations (12) and (13) are valid for any or 6 angles. 
However* they are reduced to other fonm for some specicd 
cases presented as follows: 


A. Noon Time 

At no<Hi time (H - 0)* the rate fi wiD be zero for any lati- 
tude and any mmith; vriiich means that 0 eitb/a reaches a 
maximum point or remains constant. The rate 0 is abo ob- 
tained from Eq. (13) at noon time vriiere: 


0 = 90-(I-6) 
0 = 0 
0^0 


/f=0 


(14) 


0 = -0.0041 7 cos 6/sin (£ - 6) 


B. Sunrise or Sunset Time 

The angle rates at sunrise or sunset times (denoted by an 
asterisk) are obtained from Eqs. (6), (7), (12) and (13) at any 
latitude or declination angles where 


0* 


= 0 


IIK Angle Rates 

The time rate of change of solar angles can be determined 
by differentiating Eqs. (3), (4) and (5) with respect to time 
for the hour angle* elevation angle and azimuth angle, respec- 
tively. The units of the angle rate are expressed in degrees per 
second. The elevation angle rate 0 (in deg/sec), at a given 5, L, 
can be expressed from Eqs. (3) and (4) as 


0* * cos“* (-sin6/cos£) 

^ = 0.0041 7 v^cos {L + 6) cos {L - 4) 




(15) 


0^ = -0.0041 7 sin 1 


C. Atthe Equator 


• _ 0.0041 7 cos L cos b sinH 

dt cosj3 


(/)#0des) (12) 


At tiie equator (where L = 0), the angles are obtained 
from Eq. (9). The angle rates are obtained from Eqs. (1 2) and 
(1 3) at any hour angle H as: 
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0 


0.00417 cos 5 sin /f/ y/\ - cos^5 cos^ H 
0.00417 sin 5 cos 5 cos 111(1 - cos^6 cos^ JI) 


1 = 0 


(16) 

At noon time» for a location at the equator, the rates fi and i 
from Eq. (16) are reduced to: 

fi ^ 0 ) 1=0 

} 07) 

0 = 0.00417 COS 6 1 ^ = 0 


IV. Discussion of ResultB 

A. Solar Angles 

The computations of the solar angles at some selected 
hours of day, months of year and latitudes were compared 
against the tabulated data given in Ibf. 2. A good agreem«it 
was found in aQ cases. Further, the rates of solar an^ varia* 
tions were determined at seven different latitudes covering 
northern and southern hesnispheres induding the equator. 
In the n<^them hemisphere, latitudes '1*30, *1^, and 'f90 deg 
were selected. In the southern hemisphere, latitudes -30, -60, 
and -90 were selected. 


Eq. (1 7) is identical to Eq. (14) when setting ^=0. 

Also, at sunrise (or sun^t), for a location at the equator 
(H* = ir/2), the rates ^ and 0 from Eq. (1 5) or Eq. (16) are 

P = 0.00417 cos 6 1 = 0 

( 18 ) 

0=0 

Equation (16) for the equator is plotted as shown in Fig. (6) 
at different H and 6 angles. Peak values for p are evidenced 
at sunrise or sunset time in March and September (5 = 0) as 
0.00417 deg/sec. On the other hind, the peak values for 0 
can reach infinity as 6 0. As 5 changes between ±23.5 deg, 

the rate 0 changes between ±0.0096 deg/sec. 


For four selected months throughout the year (Mardi, 
June, September and December), the solar angles were pkitted 
as shown in Figs. 4 and 5. Figure 4 shows the solar devation 
angles. If 5-0, the solar elevation angle reaches its peak 
(90 deg) ar solar noon, and the sun’s position vector travels 
in a vertical plane containing the east-west directions. Figure 4 
also gives the solar elevation angles for the remaining six 
latitudes: ±30, ±60 and ±90 deg.. Figure 5 shows the compari- 
son of the solar azimuth angle for the seven selected latitudes. 
The profile of the solar altitude angles, however, is similar in 
both northern and southern locations of equal latitude. The 
two hemispheres experience an opposite climatic effect; the 
^^sununer” season, induding the months of June, July and 
August in the northern hemisphere, is the ^winter” season in 
the southern hemisphere. 


D. At the North Pole 


The angles 0 H* at the north pole, from Eq. (10), are 
substituted in Eqs. (12) and (13) where L = 90 and 6 > 0, 
hence. 


/§ = 0 

= -0.00417 


Z. = + 90deg (19) 


Eq. (19) is applicable for any hour-of-day variation at any 
month where 6 > 0. 

E. At the South Pole 

The angles p, ^ //^ at the south pole, from Eq. (M). are 
substituted in Eqs. (12) and (13). where L - -90, and 6 <0. 
Hence, 


^ = 0 

0 == *K).004I7 


L = -90 deg (20) 


Eq. (20) is applicable for any hour-of day ' iriation at any 
month wh?re 6 < 0. 


At the north pole, the sun is barely visible at the horizon 
on March 21 and September 21 as evidenced from Eq. (10). 
In June, the sun maintains a constant '1*23.5 deg with the 
horizontal plane all day long. On the contrary, the south 
pole experiences 24 hours of daylight in December (6 = -23.5) 
as evidenced from Eq. (11). 

The azimuth angle is always zero (or 180^) at solar noon, 
and at sunset it is obtained from Eq. (7). In northern lati- 
tudes, the trace of the azimuth angle is mostly located in the 
southern quadrants of the horizontal plane; hence solar con- 
centrators should be oriented facing south. The opposite 
situation exists in the southern hemisphere; i.e., solar concen- 
trators in the southern hemisphere should be oriented facing 
north. 


B. Angie Rates 

Figures 6 through 1 0 show the time rate of change of solar 
angles (p and 0) at the selected latitudes. Figure 6 shows the 
angle rates at the equator as obtaiiied from Eq. (16). The rate 
of elevation angle in March and September (6 = 0) is constant 
at 15 deg per hour) throughout the day except at solar noon 
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where the rate is zero. The maximum rate of azimuth angle i 
is 0.0096 deg/sec at solar noon in June. 

Figures 7 and 8 present the angle rates in the northern 
hemisphere where I = 30 and 60, respectively. In general, the 
angle rates in the northern hemisphere decrease as the lati> 
tudes increase. In the north pole, the rate of elevation angle 
is zero, while the azimuth angle travels at a constant rate of 
•1 5 deg/hr (-0.0041 7 deg/sec). 

Figures 9 and 10 present the angle rates for the southern 
hemisphere where L - -30 and -60 degrees respectively, in 


all cases studied, with the exception of the north and south 
poles, the rate of elevation angle fi decreases to zero at noon 
time from its maximum value at sunrise (or sunset) while the 
rate of azimuth angle ^ increases from its low sunset value to 
a peak value at solar noon. 

The develo{»nent of the above angle and angle rate analyti- 
cal expressions for any month, hour of day, and latitude 
represents an initial study which provides the solar concen- 
trator designer with a quantitative determination of the 
limiting sun’s position and angle rates for an accurate auto- 
matic tracking mechanism. 
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